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! I Introduction. 

The primary goal of this paper i s  the  preparation of material fo r  

the I.A.U. Symposium No, 2 1  on the System of Astronomical Constant with 

regard to: 

5 .  The author's work on the radar determination of the  

astronomical unit (Muhlanan, 1962, 1963). 

The importance of current radar observations on the  ii. 

System of Astronomical Constants. 

iii. The his tory and evolution of t ha t  system. 

The discussion wi l l  be limited t o  a great  extent t o  tha t  part of the 

system of astronomical constants t h a t  i s  obviously effected by the  

current radar observations. Consequently, t he  discussion pertaining 

t o  the  geodetic constants of the Earth, f o r  example, wi l l  be primarily 

l imited t o  p i n t s  of h i s to r i ca l  in te res t .  

The plan of the  paper will be t o  discuss the c lass ica l  work of 

Hewcomb and de Sitter from the standpoint of the  def ini t ions of the 

fundamental constants and the theoretical  relationships between %hem. 

These theoret ical  r e l a t i o n s h i p  will be applied t o  the radar results, 

c 

when possible, with a s@rit of " l e t ' s  see what happenstg. The 

determination 02 the velocity of l i g h t  w i l l  be discussed i n  some d e t a i l  

because of the singular importance of this constant i n  radar measurements. 

!b main b d y  of the paper will be devoted t o  a brief but exact discussion 

oP" the  detedmtisss of the  astronomical uni t  with radar and to an 

a t e n s i v e  error  analysis of the technique. 
:e 

Because of the many theoretical  mlationshiga between the  constamtrrs, 

a eeseain group of them have been selected (primarily by Mewcomb and 



4 I-- I 

I .  

2 

this par t icu lar  divis ion 

because of the  inclusion 

of 

of 

the  constants may be profi tably revised 

radar  measurements of distances and 

ve loc i t ies  t o  the observational material of dynamical astronomy. 

11. The System of Astronomical Constants. 

The fundamental constants of the Earth consisting of the elements 

of i t s  o rb i t ,  the  mass, constants specifying s i ze ,  shape, or ientat ion,  

rotation, inner consti tution, and t h e  veloci ty  of l i g h t  comprise the  

system of astronomical constants. 

cal led a system because it comprises a model of t h e  Earth and i t s  

motions. 

on this par t icu lar  model. Furthermore, because of t he  many theore t ica l  

re la t ionships  involving several  of the  fundamental constants, some of 

the  constants a r e  necessarily systematically re la ted.  

wrote, "An i d e a l  system of fundamental constants would be one i n  which 

these theore t ica l  re la t ions  were sa t i s f i ed  rigorously, while the  adopted 

value of each individual constant agreed with i t s  observed value, 

within the M t s  of uncertainty of the l a t t e r . "  

been realized, even today. 

The group of constants has been 

The in te rpre ta t ion  of a l l  as t ronorlcal  observations depends 

De S i t t e r  (1938) 

This i d e a l  has not 

The system of astronomical constants has apparently evolved from 

Newcomb's work reported i n  Vol. I and I1 of t h e  Astronomical Papers and 

h i s  Astronomical Constants (Newcomb, 1895), which i s  an exhaustive 

treatment of the subject as w e l l  as a compilation of important formulae. 

These works, par t icu lar ly  the  l a t t e r ,  served as t h e  basis f o r  the system 

of constants adopted by the  Paris conference of 1896. 

values were integrated i n t o  Newcomb's tables of the  Sun and the four 

inner planets. 

Many of the adopted 

Partly because of t he  fundamental importance of these 
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tables,  astronomers since Newcomb have been reluctant t o  change the 

values of the constants even though several  important inconsistencies 

are known t o  exist i n  the  system. The general view on this point is 

adequately axpssed i n  the following quotation from the  Explanatory 

Supplement & Erhemeris, 1961: T h e  p r i n d p l  reason fo r  retaining 

the  system unchanged is a consequence of the  methods necessarily 

employed i n  dynamical astronomy. 

measured direct ly .  

instead. 

ephemeris. 

t h e  ephemeris yields  corrections to the values of the constants used 

i n  cons t ruc t iw the  ephemeris, which being applied give more accurate 

values of the constants. 

the value of any constant entering i n t o  t h e  calculation of the ephemeris 

has been al tered,  then the ephemeris a t  times before the a l t e r a t ion  is 

inconsistent with the ephemeris a t  l a t e r  times, and an analysis that 

fails t o  take account of the change i s  bound t o  lead t o  erroneous 

conclusions.lI The consequence of changes i n  the past, been t o  

cause erroneous conclusions because of the  ignorance of t h e  invest igator  

t o  the  changes. 

labor  of analysis i s  great ly  increased. 

b 

The value of a constant i s  never 

The method of d i f f e ren t i a l  corrections is employed 

Observations made at  various times are compared with an 

Analysis of t h e  discrepancies between t h e  observations and 

I f ,  during the period covered by t h e  observations, 

Even when the changes a re  properly considered, the 
L 

111. Relationships Bstween the Astronomical Constants 

De S i t t e r  (1938) attempted t o  construct a rigorous system of 

Astronomical Constants based on the observations available up u n t i l  1938. 

I n  so doing, he set down a ser ies  of r e l a t i o n s h i p  and ideas which still  
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serve as a guide f o r  a rediscussion of the  fundamental constants. 

re la t ionships  t h a t  appear t o  be important from the  standpoint of in te rpre t ing  

the astronomical u m t  as determined from radar measurements will be 

wr i t ten  with l i t t l e  developnent and w i l l  be applied to  the numerical 

results later i n  this paper. 

The 

De S i t t e r  selected 8 constants as llfundamentalll: 

1. re , the so l a r  parallax 

, the  Moon: Earth mass r a t i o  2. u 

3 .  c , the veloci ty  of l i g h t  

4. (C-A)/C, the dynamic compression 

-I 

5. €$ , the - mean radius of the Earth 

6 .  I31 , gravi ty  acceleration a t  mean l a t i t ude  

7. K , a small constant re la t ing  t o  the Earth's i n t e r i o r  

8. X1 , a small constant re la t ing  t o  the E a r t h ' s  i n t e r i o r  

All of the remaining constants are then considered "derived'l constants. 

By t he  use of % and gl, the  relationships of geodesy a re  supposedly 

simplified since F$ i s  defined as the radius on an e l l ipso ida l  Earth 

a t  a l a t i t ude  (lf = sin-' dr/3, where the mass of the Earth a c t s  as a 

p i n t  mass a t  the center of the Earth. 

Earth, b, i s  then given by 

The equator ia l  radius of the 

b 

where 6 is the  e l l i p t i c a l  f la t tening of the Earth. De S i t t e r  then 

defined the r a t i o  of centrifugal force t o  grav i ta t iona l  force as 
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where M is the angular velocity of t he  Earth, f the grav i ta t iona l  

constant, and %, the  mass of the Earth. Then it can be shown that 

De S i t t e r  then adopted the  values 

% = 6,371,260 (1 + u), m 

gl = 979.770 (1 + VI, cm/sec 
2 

H = (C - A)/C = 0.003279423 (1 + w) 

f i  = 0.000 00050 + 10" x 
X1 = O.OO0 40 + 9' 

*/To = 8!'8030 (1 + X) 
C = 299,774 (1 + Y), km/sec 
-I 

.- u = 81.53 (1 + z )  

The astronomical un i t  i n  km i s  defined by the re lat ionship 

__ 

( 4 )  b 
Tco s i n  11' 1 a.u. = 

which from (1) yields  

His derived astronomical uni t  then becomes 

1 a.u. = l&9,453,000 km [l - x + 1 . 0 0 0 2 ~  - .0002v + 
+ .OOOqW + .0007% + .0009Y] . 

De S i t t e r  followed this method for  a l l  of the derived constants. 

I w i l l  now present a ser ies  of def ini t ions and relationships from 

de S i t t e r  with l i t t l e  comment that  will be employed l a t e r  i n  this paper. 
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All of t h e  relationship are suf f ic ien t ly  standard and require no 

discussion. 

i s  defined by 

From Kepler's lat., the semi-major ax is ,  ao, i n  a.u.1~ 

L * = k2(1 + m) a. 

where n is the  mean motion of the  Earth, k is  gauss's constant and m 

!.s the  r a t i o  of the mass of t h e  Earth plus Moon t o  the  mass of the 

Sun. The constant of abberation, K, i s  defined by 

n a sec @ 
86400 C K =  

n b sec  i 

0 84600 r i  s i n  111 e K =  

and the l i g h t  time f o r  1 a.u., 7 ,  i s  defined 

, seconds (8) 
b 

c 'rro s i n  1" T =  

Now, using equations (l), (3) ,  ( 4 1 ,  ( 5 ) ,  and ( 6 )  we get a f t e r  considerable 

manipulation 

where I) i s  the f rac t ion  of the  Earth mass t h a t  must be added t o  M1 

t o  incl-ude the  mass of the atmosphere. Equation ( 9 )  can be considered 

as t h e  major re la t ionship given by de S i t t e r  since it relates the  mass 

3 

of the Earth-Moon system t o  the  fundamental constants VQ, %, LL and gl. 
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This expression has been employed by investigators t o  determine the 

constants from the motion of &os i n  particular (see discussion below 

on Rabe's work). 

The paral lact ic  inequality is  the  term -P s i n  D i n  the Moon's 

e c l i p t i c  longitude. The value of P is given from &own's lunar theory, 

and f ina l ly ,  f o r  the constant of the lunar inequality,  de S i t t e r  

introduces 

The last  two expressions are important relationships between u, 17@ and 

'i7 i n  terms of the observables P and L t ha t  have been u t i l i zed  t o  d 
compute one of the three constants, given t h e  other two. 

A second consistent system of constants has been presented by 

Clemence (1948). 

statement of the proposed introduction of "ephemeris time". 

consequence of this change (inacted i n  1950) several  of the inconsistencies 

of the ephemeris were removed. 

be found i n  the Explanatory Supplement t o  the Ephemeris. 

The major contribution from this paper i s  a precise 

As a 

A precise discussion of this point can 

A second conference on the system of constants was held i n  P a r i s  

The recommendation of that i n  1950 (see l3ull. Astronomique, vol. 15) .  

conference was t ha t  no changes should be made of the system of constants 

but tha t  the concept of ephemeris time should be made of f ic ia l .  

The most current revision of the constants has been given by 

Brouwer and Clemence (1961) where they have primarily employed current 
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observations to  the system developed tq de S i t t e r .  

V 

I V .  Rabe's Work on Eros Observations. 

Rabe (1950) ut i l ized  the obsemations of &os a t  three  Earth 

passings t o  compute the solar parallax, the  Earth-Moon mass r a t io ,  

and several other planetary masses as well as corrections t o  the elements 

of the Earth. I n  his computation, the observations of 1930-31 were 

most heavily weighted. 

mass of the Earth from the perturbations by t h e  Earth on &os. 

The actual procedure used was t o  compute the 

Once 

the mass of the Earth was obtained, the solar  parallax was computed 

from equation (9) using de S i t t e r ' s  constants. The results of Rabe 

t h a t  a r e  of i n t e r e s t  here are:  

= 81.375 2 .026 -I 2 .  LL 

3. m = 328,452 ,+ 43 

4. rn@ = 332,480 (from 2 and 3 )  

It would be possible to revise €?,abets .- 1 ' 0  using s l igh t ly  d i f fe ren t  

values i n  de S i t t e r s  equation (9) but this would not be profitable 

(Brouwer, 1963). 

corrections t o  the elements of the Earth resul t ing from Rabe's compltations 

a r e  very different  from a similar s e t  computed by Duncombe (1958) from 

the  observations of Venus. 

However, it has apparently gone unnoticed tha t  the 

It appears l i ke ly  tha t  i f  Duncornbe's 

corrections were employed i n  a new solution f o r  &bets normal equations 

a s ign i f icant ly  different  value of the solar  parallax might result. 

need f o r  such a revision of the  &os resu l t s  i s  c lear  f r o m  the strength 

The 

of the radar resu l t s  reported below. 

V. The Velocity of Light. 

The determinations of the velocity of l i g h t  have a long and 
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in t e re s t ing  history. 

has been given by Bergstrand (1956). 

i n  the  Nautical Ephemeris i s  a very old determination by Newcomb and is 

well known t o  be grossly i n  error .  

l i g h t  has not been a par t icu lar  concern t o  astronomical questions u n t i l  

the  present t h e .  

and the  determination of associated constants by radar and radio tracking 

of a r t i f i c i a l  space vehicles a re  intimately concerned with a precise measure- 

ment of the veloci ty  of l i g h t ,  hohever. 

though the modern value of c i s  known re l iab ly  t o  six figures, the  

uncertainty i n  the l ight-velocity determinations i s  the major s ing le  

An excellent survey of the  c lass ica l  determinations 

The adopted value of c as given 

A Wecise value of t he  veloci ty  of 

The radar determinations of the  astronomical unit 

It will be shown that ,  even 

source of e r ro r  i n  the radar measurements. 

A recent survey of the important l ight-velocity determinations 

since 1946 has been given by DuMond (1959). 

i n  Table I. 

found by F’roome (1958) 

H i s  results a r e  shown 

The best s ingle  determination i s  apparently the value 

299,792.50 - + 0.10 km/sec 

which he obtained by a microwave interferometer technique a t  74,500 Mc. 

I have computed the mean value from Table I, weighting the values with 

the  reciprocal-squares of the quoted uncertaint ies ,  and found 

299,792.63 5 0.08 km/sec. 

This result i s  i n  excellent accord with F’roome’s individual measurement. 

This i s  p a r t i a l l y  due t o  the large weight assigned t o  Froomels 1958 

determination, of course. 

of a l l  of the modern values shown i n  Table I i s  reassuring and i t  

appears highly unlikely t h a t  a systematic e r ro r  l a rge r  than 0.3 km/sec 

6 The general agreement t o  a few parts i n  10 
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could exist. 

The International Union of Geodesy and Geophysics, on the 

recommendation of the M I  General Assembly of the International 

Sc ien t i f ic  Radio Union, has adopted the  value 

This value has been used i n  the radar determinations of the astronomical 

unit. 

V I .  The Determination of t h e  A.U. by Radar a t  the 1961 Infer ior  

Con junction of Venus. 

Radar observations have been obtained fo r  Venus around t h e  1961 

in fer ior  conjunction by several groups. 

astronomical unit a r e  shown i n  Table 11. All the determinations a re  i n  

agreement. However, Newcomb's tables of the Sun and Venus were employed 

i n  a l l  cases, which, i f  they cause an important error  a t  a l l ,  would 

e f fec t  each determination i n  essent ia l ly  the sane way. 

discussion of these e f fec ts  i s  presented below. 

1. Instrumentation 

The resul t ing value fo r  the 

A detailed 

Details of the computations of Muhleman, e t  a 1  (1962~~)  w i l l  be 

described. 

P e t t i n g i l l ,  e t  al (1962). 

been used t o  compte a s l i gh t ly  revised value of the A.U.. 

of reference, the work of Muhleman, e t .  a l .  will be referred t o  a s  t ha t  

of the  %oldstone group" since the observations were made a t  t h e  Goldstone 

s t a t i o n  of the Jet Propllsion Laboratory, California I n s t i t u t e  of 

Technology. 

A complete discussion of P e t t i n g i l l ' s  r e su l t  can be found i n  

The observations reported i n  that paper have 

For plrposes 

The observations of the Goldstone group were taken with three 

fundamentally d i f fe ren t  radar receiving systems. The observations 
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consisted of the  doppler-frequency shift on the  2388 Mc/s ca r r i e r  and 

measurements of t h e  propagation time t o  Venus and back t o  the Earth ’ i 
by modulating the carrier with ei ther  a regular square wave o r  a 

pseudo-random code. 

The frequency reference f o r  the doppler velocity measurements 

was an Atomichron cessium-resonance line which had a measured s t a b i l i t y  

of 1 o r  2 prts i n  10” over a period of about f ive  minutes. A l l  other 

reference frequencies i n  the receiver were coherently derived from the 

standard i n  such a manner t h a t  frequency errors  introduced in to  the 

system were subsequently subtracted out a t  some other point i n  the system 

(closed-loop system). Consequently, the measurements of the doppler 

9 frequency shift a re  probably accurate to  be t te r  than 1 part  i n  10 . 
This uncertainty i s  f a r  smaller than t h a t  due t o  the velocity of l i gh t .  

The systems of modulation employed by the two methods of measuring 

the propagation time were designed t o  have a range resolution of about 

100 km. are  about on the order 

of 100 km except for  the uncertainty of c, i . e .  about O.OOO3 seconds 

f o r  the Earth-Venus distance. 

2. 

The overall  accuracies of this system 

The preparation of t h e  ephemeris. 

The doppler frequency s h i f t  and the propgat ion time must be 

computed from the ephemerides with precision fo r  the comprision with 

observations. The t o t a l  propagation time i s  given by: 

i. the  time fo r  the signal t o  t ravel  from the position of the 

transmitting antenna a t  time 1 t o  the surface of Venus a t  

time 2, 
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ii. plus the  time for the  signal t o  t rave l  f r o m  the surface of 

Venus a t  time 2 t o  the  position of the receiving antenna 

at time 3, 

The actual epoch f o r  each observation was taken t o  be time 3 and the  

arguments f o r  en t r ies  i n to  the t a b l e s  of the Sun and Venus were complted 

with a simple i t e r a t i o n  scheme. 

of 

The dopplerfrequency shift is a f'unction 

i. the  veloci ty  of the center of mass of Venus a t  the ins tan t  

the wave front  s t r i k e s  the surface of the planet with respect 

t o  the  position and velocity of the transmitting s t a t ion  a t  

time 1, 52.9 

ii. the velocity and position of the receiving s ta t ion  a t  the 

ins tan t  the reflected wave front  reaches t h e  receiving 

s ta t ion,  with respect t o  the velocity of the center of rass 

of Venus a t  the instant  of reflection, time 2, F$ 3' 

5 2  The equation fo r  the conversion o f  the ephemeris veloci t ies ,  

and F$y t o  doppler frequency sh i f t  has been derived by Muhleman 

(1962) t o  2nd order i n  v/c and i s  

where v i s  transmitter frequency and 77 i s  t h e  received frequency a t  

time 3.  

The actual  values used i n  t h e  analysis of the radar observations 

were computed w i t h  a tracking program writ ten for  the I€M 7090 complter. 

The coordinates t o  be smoothed were obtained d i r ec t ly  from Newcomb's 

tables  of the Sun and Venus with corrections f o r  known errors. In 



particular,  a correction of -4!'78T E applied to  the  mean anomaly 

of the  Sun after Clemence (1948). An n-body numerical integration, 

s t a r t i ng  with %nJectionIt position and velocity, was compared with the  

coordinates written on a magnetic tape from the Newcomb tables, and 

corrections t o  the inject ion conditions were derived using a least- 

squares iterative procedure. Several i t e ra t ions  yielded the best 

in jec t ion  values over a IZO-day arc f o r  Venus and a 70-day a rc  f o r  the 

Earth. 7 These residuals were reduced t o  a far parts i n  10 which i s  

consistent with the roundoff i n  the tabulated data. Velocity data 

was obtained a t  each epoch of i n t e re s t  as  a consequence of the  

Runge-Kutta numerical integration procedure. The ve loc i t ies  obtained 

i n  this manner a re  smooth t o  seven figures and probably accurate t o  a few 

parts i n  10 . 6 The ephemerides obtained wi th  the above technique are 

considered a smooth equivalent t o  the numerical tables of Newcomb, 

including only the  change i n  the argument M referred t o  above. 

Subsequently i n  t h i s  paper, the ephemerides will be referred t o  a s  the 

"Newcomb ephemerides". 

Duncombe (1958) has obtained a s e t  of corrections t o  Newcomb's 

elements from the Venus observations ovsr a period from 1795 to  1949. 

The published corrections are  : 

f o r  Earth: 

@ A e = - !I10 + !'01 + !IO0 T, 
A = + !'04 - + 501 - (V29 ,+ VO3) T, 

ALQ - - - !I39 ,+ YO5 + ("45 ,+ V15) T, 

e , - h V  = - + yo3 - !lo9 T 
L 
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f o r  Venus: 

= + ?10 ,+ VO6 + (?53 - + V18) T, 

= - ~ 1 2  + yo3 + voi T, 

= + YO1 - + ?04 + ?Ok T, 

= + !lo8 + yo3 - yo2 T, 

- 
A 9 

* iQ 

e AV $ 9  
- 

The corrections actual ly  used were supplied by Duncombe (1961) and a re  

only s l i gh t ly  different :  

f o r  the Earth:  

flee - - - OV113 T, 

= + 0?045 - 0!'29 T, 
A Me = + 4V78 T ( a l l  ready applied i n  t h e  llNewcomb Ephemft) 

f o r  Venus: 

same as above. 

The Duncornbe corrections were incorporated i n  the program which 

evaluated the Newcomb theory and a new ephemeris was generated u t i l i d n g  

the same technique as  before. 

Duncombe ephemeris. 

3 .  Results. 

T h i s  ephemeris has been called the 

Observations of Venus were taken a t  a r a t e  of once per ten  seconds 

T h i s  was normally from continuous periods of from 5 minutes t o  one hour. 

done once each day f o r  the doppler n.easurements and t h e  two ranging-systems 

measurements. 

estimate of the A.U.. 

i t e r a t i v e  least-squares procedure which minimized the observations minus 

Each s e t  of observations was used t o  compute a separate 

The estimate of the A.U.  was comprted with an 
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the calculated value by complting a correction to the A.U. value used i n  

the  previous i te ra t ion .  The calculations were performed f o r  both the 

Newcomb ephemeris and the  Duncmbe ephemeris. The rms residuals for  the 

veloci ty  observations were about - + 0.1 m/stc and about ,+ 200 km was 

obtained for  the range residuals.  Actually, the residuals varied somewhat 

with the distance t o  Venus because of the decrease i n  the  radar-echo 

power with distance. 

The computed A.U. estimates from t h e  velocity observations are 

shown i n  Figure 1. This f igure shows t ha t  the estimates of the  A.U. 

rapidly diverge downward as  conjunction ( A p r .  11) i s  approached from 

the eas t  and return from above immediately a f t e r  conjunction has 

passed. The e f fec t  of the Duncornbe corrections was t o  raise the  

estimates on March 23 by 1200 km and on A p r .  7 by about 7000 km. 

Similarily,  on A p r .  13 the estimate was lower by 8900 km and on May3, 

by 400 km. 

velocity (range r a t e )  t o  e r rors  i n  the ephemerides as the veloci ty  gets 

small. 

of Venus by about OY55 r e l a t ive  t o  t ha t  of the Ear th .  

not enough t o  completely straighten the curve. 

have shown tha t  the e f fec t  of an error  i n  the longitudes of Venus and 

the  Earth i n  the determination of the A.U. i s  approximately (near 

con junction) 

Clearly, the e f f ec t  is due t o  the sens i t iv i ty  of t he  doppler 

The primary correction of Duncornbe i s  t o  advance the longitude 

This was apparently 

Muhleman, e t  a 1  (1962) 

which i s  very similar t o  the behavior shown i n  Figure 1. 

analysis of t h i s  problem w i l l  be given below. 

A more exact 
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The estimates of the A.U. comprted from the range measurements f m m  

the system exr,ploying the pseudo-random code modulation are shown i n  

Mgure 2. These observations are all post-conjunction. A l i nea r  trend 

with date is evident from the Figure, the  Slope of which was decreased 

by applying the Duncambe corrections. 

shown t h a t  the  e f fec t  on the A.U. determinations from range data due 

t o  only an error  i n  the  re la t ive  planetary longitudes i s  approximately 

Muhleman, e t  al, (1962) have 

where r 

the distance between them. 

e f f ec t  observed i n  Figure 2. 

and r, a re  the  hellocentric distances t o  the planets and r is 

The equation i s  i n  good agreement with the 
9 

The measured radar propagation times t o  Venus published by 

Pe t t i ng i l l ,  e t  a1 (1962) were used t o  compute the estimates of the 

A.U. shown i n  Figure 3 .  The agreement between these estimates and 

those computed by P e t t i n g i l l ' s  group i s  excellent. 

t o  t h a t  predicted by equation (14) i s  again evident i n  the estimates. 

A trend similar 

The reduction of a l l  of the  A.U. estimates t o  a s ingle  result is 

a considerable task .  

( a f t e r  Duncombe's corrections) it is necessary t o  proceed somarhat 

a rb i t r a r i l y .  

estimates t o  the eas t  and west elongations where errors  i n  longitude 

would have a minimal effect .  However, an e r ror  i n  elloV1l may be 

s igni f icant  a t  these points. Equation (14) was  employed t o  interpolate  

the range-A.U. estimates a t  conjunction. (Clearly, the t o t a l  ' 

ef fec t  of the Wcombe corrections i s  nearly zero a t  conjunction). 

Because of the apparent errors  i n  the ephemerides 

I have used equation (13) t o  extrapolate the doppler-A.U. 

The 

r e s u l t s  of this procedure are: 
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i. 

ii. 

iii. 

iv. 

doppler near eastern conjunction. 149,598,750 ,+ 200 km, 

doppler near western elongation.. 149,598,000 5 1000 lan, 

range a t  conjunction ............ 149,598,500 +150 km, 

range at conjunction . . .. . . . . . . 149,598,800 2 1% hn, 

where the  value iniv. was complted from range observations from the  2nd 

ranging system which was independent of the 1st system t o  a large 

degree. 

based primarily on the scat ter ing i n  the estimates. 

e r ro r s  w i l l  be considered below. 

The uncertainties attached t o  the above values are estimates 

The systematic 

The f i n a l  value of the A.U. is the mean of the four f igures  above 

with weights equal t o  the reciprocal variances. 

149,598,640 2 200 km. 

The value computed from Pe t t ing i l l ' s  observations u t i l i z ing  equation 

(14) f o r  interpolation t o  conjunction is  

U+9,598,100 ,$ 400 km 

where the uncertainty was taken from Pet t ing i l l ,  e t  a 1  (1962). 

VII. The Determination of the A.U. by Radar a t  the  1962 Infer ior  

Conjunction of Venus. 

The observational program on Venus fo r  1961 was repeated around 

the  1962 in fe r io r  conjunction. 

the  l a t t e r  observations were somewhat different .  

separated by 10 km were operated as a transmitter and receiver pair  and, 

consequently yielded continuous runs of data. However, it was necessary 

t o  use a s ingle  antenna i n  1962 as both the transmitter and the receiver. 

D3-s  was accomplished by transmitting f o r  the propagation t i m e  from the 

Earth t o  Venus and switching t o  the receiver mode for a similar length 

The techmques tha t  were employed i n  

I n  1.961 two antennas 
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of t h e .  

time. Furthermore, it wds decided tha t  a comparison ephemeris should 

be constructed over an a r c  much longer than the 100 day arcs u t i l i zed  

i n  the  previous amlysis i n  order t o  cover both observational periods 

with one f i t .  

described above b u t t e n  year arcs  were employed as reported by Peabody 

and Block (1963). 

tab les  ( a f t e r  8 correction of MI' = + 4!178 T) exhibited osci l la t ions 

This had the  effect of essentially halving the observation 

The eplemeris was prepared i n  essent ia l ly  the manner 

The residuals i n  positions re la t ive  t o  the Newcomb 

as large a s  5 x 

and l a t i t udes  with the s idera l  periods. 

serious e f fec ts  on the A.U. results.  Primarily for  this reason the 

a.u. i n  the radius vectors and 0!'1 i n  the longitudes 

These residuals have had 

1962 results reported here are  t o  be considered as preliminaly. 

However, i n  a l l  cases the values of the A.U. deduced agree t o  within 

the accuracy of the analysis t o  those found i n  1961. 

The Calculation of the Astronomical U n i t .  

The A.U. has been obtained by comparing the observations t o  the 

values computed from the astronomical tables  using a first guess of the 

A.U. f o r  entry in to  the tables and then computing a second estimate of 

the  A.U. from the differences by the c lass ica l  l e a s t  squares technique. 

The process i s  repeated u n t i l  t he  rms differences (residuals) obtained 

i n  the n-th i t e r a t ion  a re  not s ignif icant ly  smaller than those obtained 

i n  the (n-1)th i te ra t ion .  

astronoriical tables  are correct except f o r  one parameter, - the  A.U.. 

Thus the A.U. is found by assuming tha t  the 

I n  general, a given residual i s  given by ( a f t e r  a Taylor's expansion t o  

le order) 
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where Ro i s  the observed range (for example) and R, i s  the range 

computed from the tables  with an assumed value of the  A . U . .  The cf 6's 
are the  (unknown) errors  i n  the significant parameters of the astronomical 

theory including the A.U.. Thus, t h e  method employed here assumes t h a t  

all of the d v l s  are  zero except L A . U . .  When the set of equations (15) 

( the  normal equations) are solved i n  a least squares sense the resul t ing 

correction f o r  the A . U .  i n  the  case where a l l  of the other 4 a ' s  are  

zero i s  

, 

A similar expression can be written f o r  4A.U.  for  the doppler observations. 
>- 

The solution fo r  a general s e t  of ,J ryts merely involves an inversion 

of the matrix of coefficient from equation (15). 

A t o t a l  of 52 doppler run5 were made over the period from October 

11, 1962 t o  December 17, 1962. The average number of samples per run 

was Ul and the average standard deviation of the final residuals f o r  

each run was 2.54 cps. The actual standard deviations a r e  a function 

of signal-to-noise r a t i o  and they vary from about 3.5  cps a t  the 

b e g i d n g  and end of the observLtiona1 period t o  about 1.2 cps a t  the  

t i m e  of conjunction. Clearly, the uncertainty i n  a given estimate of 

t h e  A.U. from any single  run depends fur ther  on the t o t a l  doppler shift 

at  chat t i m e  and i s  widely variable. A t  the  points of greatest  i n t e re s t  

i n  the case of the doppler, i .e .  the fur thes t  way from conjunction where 

t h e  doppler shift i s  the greatest, the following uncertainties i n  the 

A . U .  have been computed based ent i re ly  on t h e  above internal. s t a t i s t i c s  

assuming no correlation between samples: 
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0 = 195 km A.U. October 21, 

0 = 209 km A.U. December I 2  

The resul t ing estimates of t h e  A.U. using the so-called Newcomb 

ephemerides a re  shown i n  Figure 4 and 5 .  

below. 

They are discussed i n  d e t a i l  

A t o t a l  of ten  estimates of the A.U. have been made from the 

range data over a period from November 8, 1962 t o  December 15, 1962. 

The average number of samples per run was 472 and the  average standard 

deviation was 6U micro-seconds, round-trip propgat ion time. 

the range residuals are  highly correlated. 

However, 

I f  we assume tha t  the residuals 

are  correlated over, say, 25 points the average run has an uncertainty 

of 6U time the square-root of 472/25 or Ucl microseconds which 

corresponds t o  42.3 km i n  round-trip range. 

the range uncertainty f o r  a measurement a t  conjunction gives 79 km 

i n  the A.U. based on these s t a t i s t i c s  along. 

of the A.U. are shown i n  Figure 6. 

Range and Doppler A.U. Results. 

Adopting this value f o r  

The resul t ing estimates 

The doppler A.U. resu l t s  shown i n  Figure 4 and 5 exhibit  exactly 

the  same var ia t ion with da te  as those reported by Muhleman, e t .  a l .  (1962) 

f o r  1961. 

o r b i t a l  elements of the Earth and Venus employed i n  Newcomb's tables.  

I n  p r t i c u l a r ,  small changes i n  the mean longitudes and/or t h e  perihelia 

of the Earth and Venus would essent ia l ly  remove this variation. The set 

of corrections t o  a l l  of the elements tha t  has been computed ky Duncornbe 

should be applied t o  the mean orb i ta l  elements used i n  t h e  Newcomb theory 

It i s  cer ta in  tha t  th i s  variation i s  due t o  errors i n  the 
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because tha t  theory was the provisional theory u t i l i zed  by Ixulccnnbe 

i n  obtaining the corrections. However, several d i f f i c u l t i e s  have been 

pointed out i n  this procedure. First of all,  Duncombe adopted the 

concept which attempts t o  ut i l ise  a system of time i n  close accord t o  

Newtonian time, i . e .  uniform t i m e  associated with the laws of gravitation. 

However, f o r  pract ical  reasons, the Ephemeris Time i s  defined as the 

time argument f o r  the motion o f  the Sun (or the Earth) i n  Newcomb 

tables  of the Sun actual ly  measured u t i l i z ing  the moon. Since Dmcombe 

employed this concept, i t  appears t h a t  the correction fo r  the mean 

longitude of the Earth, ALtt ,  should have come out of the calculations 

a s  precisely zero (Duncombe, personal communication, May 1963). 

Consequently, on the advice of Dunconbe, we have assumed this correction 

to  be zero (with t r ipidat ions) .  Furthermore, Clemence (1943) and Morgan 

(1945) have obtained a secular correction f o r  the  perihelion of the 

Earth amounting t o  a correction to the mean anomaly of the Earth of 

+4!'78 T which has already been applied i n  the reference ephemeris 

discussed above. On the basis of this, only the correction A e t t  and 

A 6 were applied t o  the reference ephemeris of the Earth and a l l  of 

t h e  above Venus corrections were applied t o  the Venus ephemeris f o r  

the construction of the so-called Duncornbe ephemeris. 

A Duncornbe ephemeris fo r  t h e  1962 observations has not been 

computed as yet.  

the  change i n  the A.U. estimate resul t ing from the Duncombe corrections 

a t  each point of in te res t .  

i s  smallest a t  specific times i n  the observational period, i.e., a t  the 

points fur thes t  from conjunction f o r  the doppler data and the point at 

conjunction f o r  the range data. 

Consequently, it was necessary t o  analyt ical ly  compute 

It turns out t ha t  the e f fec t  of the  corrections 

Since these points are  the l e a s t  
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sens i t ive  t o  the  correct iom they are probably the most accurate estimates 

of the A.U., a t  least f o r  the types of errors  that we are considering. 

The correction procedure 

Jcl w i t h  the correction 

J C f  

follows from equation (15). 

to the  A.U. we get, upon solving (15) for 

If we identify 

(17 1 
but the term (% - Ro) has been i te ra ted  t o  zero. Therefore 

where 6 c 2  = /! L", &c3 = ~2 ell, etc.  The pa r t i a l  derivatives i n  (18) 

have been computed from znalytical  expressions with a d i g i t a l  computer 

program. 

data. 

An expression similar t o  (18) can be wri t ten fo r  the doppler 

The individual terms i n  6 A . U .  are  shown i n  Table I11 f o r  the 

doppler observations on October 12 and December 12 and the range observation 

of November 12, 1962. The actual A.U. estimates l i s t e d  i n  Table I V  

were obtained by computing the weighted mean of the estimates near the 

data of i n t e re s t .  It i s  clear from t h e  tab le  tha t  the  value fo r  

December 32 i s  anonalously l ow (also evident from Figure 5 ) .  A 

similar  effect  was observed i n  the observations one month after 

conjunction i n  1961 but of much smaller magnitude (see below). Figure 5 

suggests t ha t  the  observations i n  this region may have been fau l ty  but 

no explanation can be offered t o  support t h i s  conjecture. Some ins ight  

can be gained by the followkg analysis, however. 
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The true longitude of the Sun, X, i s  complted from Newcomb's 

tables  using the equation 

X = Ltl - (fl' - M I ' )  + perturbation terms (19) 

where f" and MI' are the t rue  anomaly and mean anomaly of the sun, 

respectively, and the  combination (ftt - M I t )  is  the equation of 

center. As i s  w e l l  known, f t f  may be expanded i n  terms of M I 1  

flf = M I f  + (28" - *e3) s i n  M + e2 s i n  2 M  + . . . (20) 

and, consequently, t o  le order i n  ell 

Then from (4) 

X = Ltf - 2e" s i n  MI1 + perturbation terms. (22) 

Now the  only change t h a t  was  made t o  Newcomb's tables was A MI1 = 

- 4!'78 T. From (22) f o r  a change of MIf only, w-e get  

A X = 2ef1AMf1 cos M!' 

Actually there i s  a s l i gh t  change i n  the perturbation terms due to a 

change i n  dM but it i s  negligible. 

October 12 i s  0.135 whereas for  December 12 cos MI1 = 0.922. 

change inM" has about 7 times the e f f ec t  on the l a t t e r  date then on 

the former date. Actually t h e  inclusion of -4'.78 T had an e f fec t  on 

the A.U. estimate for  Ockober 12 of +13 h and on December 12, +111 lan. 

Clearly, it i s  possible t o  ra i se  the A . U .  estimate of December 12 by a 

very large amount without lowering the estimate on October 12 s ignif icant ly  

with a correction t o  MI' (or  etfAsT1t). 

is required t o  bring the  two estimates in to  complete agreement. 

can conclude f r o m  this tha t  the ephemeris errors  introduced in to  the 

It turns out t ha t  cos MI1 f o r  

Thus any 

However, an impossibly large d MI' 

We 



A.U. computations are probablylarge compared t o  the accuracy of t h e  

fundamental radar observations. 

Newcomb tables, Duncombe corrections t o  this table, and probably the 

most significant,  e r rors  i n  our numerical representation of the 

ephemerides. 

These er rors  include those i n  the 

Weighted Mean Results and Cornprison with Previous Radar Results. 

We sha l l  adopt the mean of A.U. estimates reported i n  the final 

column of Table I: weighted by estimated variances based on the noise 

i n  Figure , and i -  and estimated ephemeris uncertainties. Adopting 

l49,598,719 ,+ loo0 km, 

l49,599,026 ,+ 1000 km, 

U9,596,452 ,+ 2000 km, 

October 12, 1962 

November 12, 1962 

December 12,  1962 

we obtain a s  our preliminary 1962 result 

1149,598,757 ,+ 670 la?j 

The final A.U. r e su l t s  reported by Muhleman (1963) a re  shown i n  Table V. 

Conclusions. 

The preliminary best value of t h e  astronorrical un i t  from the 

observations of Venus around the 1962 in fe r io r  conjunction is 

U9,598,757 ,+ 670 km 

where most of the uncertainties are  due t o  ephemeris errors .  

r e s u l t  is i n  complete agreement with the 1961 Goldstone radar result 

of 

This 

U+9,598,640 ,+ 200 km 
as well a s  with the results from the  1961 Millstone radar observations. 
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The remaining uncertainties a re  primarily linked t o  the  uncertainties 

i n  the ephemerides of the Earth and Venus and are  of such a nature tha t  

the radar observations w i l l  ultimately yield def in i t ive  corrections t o  

the fundamental ephemeride8. 

obtain from an analyt ical  standpoint and will evolve slowly. While 

This ultimate result is d i f f i c u l t  t o  

i t  i s  clear  t ha t  t he  observations available a t  t h i s  time a r e  of suf f ic ien t  

qua l i ty  and quantity t o  accomplish a good measure of this goal, it 

should be realized tha t  observations d is tan t  from conjunction a r e  

required t o  solve f o r  cer ta in  of the corrections t h a t  a r e  strongly 

correlated. I n  particular,  radar observations from the Earth of other 

planets (or  as ter iods)  are  highly desirable f o r  the separation of the 

e f fec ts  of the Earth's o rb i t  from those of the o rb i t  of Venus. 

VIII. Error Analysis. 

1. Velocity of l i gh t .  

The uncertainty i n  the vacuum velocity of l i g h t  was shown t o  be 

- + 0.3 km/sec and this appears pessimistic. The e f f ec t  on the radar 

values of the A.U. i s  then approximately - + 0.3 x 500 sec or  

150 km. 

2. Dispersion and refraction. 

The effects  of s ignal  delays and refraction i n  the Earths 

atmosphere a re  completely negligible a t  the frequency of operation 

u t i l i zed  by the  Goldstone group (2300 Mc/s) and P e t t i n g i l l t s  Millstone 

group (4.40 Mc/s). The e f fec t  of refract ion i n  the atmosphere of Venus 

i s  probably negligible because the echo power primarily passes through 

the  Venusian atmosphere a t  noma1 incidence. 

The question of possible delays i n  t h e  Venusian atmosphere i s  much 
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more complex, however. 

given by Muhleman (1963a and b). 

the atmosphere i s  t o  make the propagation t i m e  longer than tha t  f o r  the 

vacuum case and hence, cause the determined value of the A.U. t o  be 

larger .  

any delaying medium would have an e f f ec t  increasing with decreasing 

frequancy; thus the value of the A.U. determined from a radar a t  440 Mc/s 

should be la rger  than that computed from observations a t  2300 Mc/s. 

f ac t ,  I have shown tha t  i f  the value of the A.U. from the 2300 Mc/s 

observations i s  i n  e r ror  by 100 krn then the value measured a t  440 Mc/sec 

should be la rger  by about 7000 km, whereas the value determined above 

i s  actual ly  sna l le r  a t  440 Mc/s by 540 km than the value a t  2300 Mc/s. 

Thus, it i s  unlikely tha t  there i s  any delay e f fec t  a t  a l l .  

3 .  The radius of Venus. 

An exhaustive discussion of the  point has been 

Ekiefly, the e f f ec t  of any delay i n  

Fbrthermore, according t o  t he  modern theories of propagation 

I n  

The uncertainty i n  the radius of Venus does not e f fec t  the value 

of the A.U.  determined from the doppler frequency. 

range measurerrents i s  equal t o  the radius uncertainty. 

of the Venusian radius i s  taken to  be 25 km, the e f fec t  on the A.U. i s  

about 

The e f fec t  on the 

If the uncertainty 

89 km. 

4. The ephemerides. 

The only reasonable estimate of the ephemeris errors  a re  the 

Duncornbe corrections themselves. 

i r ,  ;he ephemerides a f t e r  corrections could be a s  large as the corrections 

themselves. 

upper bounds on the errors but this appears too pessimistic. 

analyze the range case. 

It is  d i f f i c u l t  t o  see how the errors  

Consequently, we can log ica l ly  take Duncornbe's values a s  

I W i l l  first 

The range between Venus and the Earth, r, i s  given by 
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2 2  r = r  9 (23 

where r 

hel iocentr ic  angle between the Earth and Venus given by 

and r are the  so l a r  distances t o  the planets and 8 is the  Q 9 

- A  ) cos (pe -11 ) + s i n  ( 9 .  - ) s in ( j@ -:2g) cos iq 8 9 9  
cos 8 = "" (1*~  ($ 

(24) 

Thus, r i s  a function of the  eccent r ic i t ies  and the arguments of t he  

per ihel ia  through equation (23) and the equations of eliptical motion, 

$, E$, 1l9 and i through equation (24). We and r i s  a function of 1 

w i l l  neglect the  uncertainty i n  the obl iqui ty  because i t s  e f f ec t  on r 

i s  very small. 

9 

Thus; we have 

where we assume t h a t  

The quant i t ies  ae and a will be assumed 

Then from equation (23) 
9 

de, + 53 ...) + r (- e Je, 

(26 1 

precisely known i n  a.u. 1s.  

. . . ) + e tc .  (27 

All  of the pa r t i a l  der ivat ives  a r e  then complted fran equations (24) and 

(26). Now, the e r ror  i n  the A.U. due t o  an e r ro r  dr i s  

where % i s  the value of the A.U. i n  km. 

expression f o r  g(A.U.) f o r  small e r ro r s  i n  the elements u t i l i z i n g  the  

pa r t i a l s .  

We may then wri te  the 

Since we a re  interested i n  the  value of l ( A . U . )  a t  the  1961 
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i n f e r i o r  conjunction of Venus, the  general e-ession will be given 

with a l l  of the expression evaluated a t  t h a t  epoch. We get  

&(A.U.) = 9680 lan l0.031 dee + .0047 dre - .276 eedTe + 

With the  Duncornbe corrections inserted f o r  the d i f f e r e n t i a l s  

d (A.U.) ={-- 30 - 5 + 322 + 33 + 6 + 19 + 19 - 47.43 km. 

(A.U.) = + 317 km 

Thus, we see t h a t  i f - t h e  ephemerides a r e  i n  e r ror  a f t e r  correction by 

as much the corrections themselves, the  e r ror  i n  the  A.U. from the 

range observations is about 317 km. 

The case f o r  the doppler observations i s  f a r  more complicated. 

Since the points of i n t e r e s t  i n  t h i s  case are  toward the  east and west 

elongations it can be shownthat the terms involving s i n  i 

negl igible  t o  f irst  order and a f i r s t  order analysis can be carried out 

are 9 

i n  two dimensions. Since t h e  analysis has been carr ied out i n  the plane 

of the ec l ip t i c ,  the e f fec ts  of the obl iqui ty  can a l so  be ignored. Then 

t h e  range r a t e  (or doppler velocity) i s  a&roximately 

where V@, V9 = orbi tn l  speeds of the Earth and Venus, 

= the  angle between the Sun and the  Earth a t  Venus, 

similarly f o r  ne . w9 
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ve, yp = the angles of the  Earth and Venus veloci ty  

vectors from the perpendicular t o  the  radius 

vectors i n  the orbital planes. 

Froan w e l l  known equations of ce les t ia l  mechanics, t o  first order i n  

the eccentr ic i t ies  

and 

ye= e @ s i n  ( I .*  - re). (32) 

Thus, from equations (26), (30), (31), and (32) r can be expressed i n  

terms of t h e  elements and the par t ia l  derivatives taken. 

a r e  too complex t o  profitably write down and I shall  merely present 

the  resul t ing expression f o r  the $ (A.U. ) with  all of the expressions 

evaluated a t  the epoch March 23, 1961, the  date of observation nearest 

The results 

t h e  eastern elongation and consequently, the point of greatest  in te res t .  

I get  

d; = 35.05 h / s e c  L.13 de - 1.96 d l  - 1.18 e d77 1 + s 9 9 ! ?  

Since 

A@ A ( A . U . )  = ? d r y  
r 

I get, inser t ing  the Duncorbe corrections, 

This value is ,  of course, very large and Fobably equally pessimistic. 
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If the  uncertainties of the  corrections are used the  l a rges t  term i s  

due t o  the  uncertainty i n  t h e  longitude of Venus and i s  620 km. 

- not possible to combine the  individual terms i n  a meaningfil s t a t i e t i c a l  

manner because the correlat ion coefficient between the terms may even 

approach unity.  

A . U .  from the  doppler observations i s  l e s s  than 620 km. 

i s  correct, the  doppler value of the A.U.  has been weighted twice as 

heavily as it should have been i n  the f inal  reduction t o  a single result. 

In te res t ing ly  enough, the e f f ec t  of this would be t o  change the 

f i n a l  r e s u l t  toward the value from the  Millstone data. Similar values 

f o r  the 1962 cases may be found i n  Table 111. 

It is  

However, it appears safe t o  say t h a t  the e r ror  i n  the  

If t h i s  circumstance 

I X .  Radar Measurements of Merculy 

. Unequivocal radar contact of Mercury has been accomplished by 

the Goldstone group. 

pure 0 1  wave with the Venus radar equipnent. 

detected by computing the power spectral  density of the received s igna l  

i n  a digital computer. 

by continuously adjusting the receiver l oca l  o s c i l l a t o r  t o  the ephemeris 

doppler frequency plus an o f f se t  of about 100 cps. An example of such a 

spectrum taken by R. Carpenter of JPL is shown i n  f igure  7.  

was prepared i n  the same way as the Venus ephemeris. 

l i n e  i n  Figure 7 indicates  the frequency about which the observed 

spectrum would be centered i f  the ephemeris were perfect and the value used 

f o r  the A . U .  = L!+9,598,640 km were correct. 

amount t h a t  t he  spectrum would be shif ted f o r  an e r r o r  i n  the A . U .  of 

- + 5000 km f o r  the observing date of May 8, 1963. 

The observations have been made by transmitting a 

The echo signal has been 

The signal spectrum was sh i f ted  down near D.C. 

The ephemeris 

The ve r t i ca l  center 

The arrow indicate  the  



Some er ror  i n  the measurement of the center frequency is t o  be 

expected due to errors  i n  positioning the loca l  o sc i l l a to r  on the order 

of 1 o r  2 c p .  

effect. 

the observations yield an excellent ver i f ica t ion  of the radar value of 

t h e  A.U.. 

Known er rors  of the ephemerides would have a s imilar  

Thus unless the spectrumin Figure 7 was positioned fortuitously 

X. me Related Astronomical Constants 

The relationships presented a t  the b e g i d r i g  of this paper may 

now be u t i l i zed  t o  construct a consistent set of some of the constants 

based on t h e  A.U. r e s u l t  of 149,598,640 ,+ 250. 

using b = 6,347,166 km we get  for  the so la r  parallax 

horn equation (4) 

The light-time fo r  un i t  distance is given by equation (8) 

I = 499.00728 ,+ .We67 sec. 

It should be realized tha t  I i s  the  most fundamental r e s u l t  f r o m  the 

radar work because it i s  independent of the speed of l i gh t .  

aberration constant i s  a l so  independent of c because of the radar value 

of the A.U.. 

The 

F r o m  equation (7),  (4) and (8) 

The Earth-Moon mass r a t i o  can be obtained from the lunar inequality,  

equation (11) which can be written 
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and the  deperrdence on c i8 again removed f r o m  the radar r eau l t s  i f  

Kepler'a radar value of a is corrected t o  the same value of c. 4 
L = 6.4378 + .002 (Rrouwer and Clemence (1961) and a 

ge t  

Using 

= 388,400.4, we a - 

-1 u = 81.32730 2 0.025 

where the uncertainty i s  due t o  that  of L. 

The coefficient of the parallactic inequality i s  obtained from 

equation (10) where again c factors out i f  radar values of a 

A.U. are used: 

and ci 

P = -124!'9876 - + .001 

M ~ l l y ,  a consistent value of the mass of the Ear th  plus moon 

can be obtained from an expression given by Brouwer (1963) 

where Brouwer has obtained t h e  constant term from modern measurements 

of the Earth constants. Note again t h a t  f o r  radar values of A.U. and 

ag the  errors due t o  c a re  removed and we get 

(E + M)'l =328,903.2 

The values above cannot be considered def ini t ive unt i l  the ephemeris 

e r rors  a re  removed from t h e  radar values but it i s  clear  t h a t  a l l  the 

above constants e x c e p t r  a re  free f r o m  the e r ror  i n  the  radar A.U. 

introduced by using a specif ic  value of c. 

the  major cr i t ic ism of the  radar method, namely t he  uncertainty of 

the  propagation velocity, is destroyed. 

8 
Thus, f r o m  t h i s  standpoint, 
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it 
Table I, Modern velocity of linht determinations . 
Author Date Method c, W s e c  - - 

+ 
Aslakaon 1949 Shoran 299 792 - 3.5 
Hansen & Bo1 1950 cavity 299 789.3 2 1.2 

Essen 1950 I t  299 792.5 2 1.0 
Bergstrand 1951 Geodimet er 299 793.1 2 .32 
Froome 1952 microwave 299 792.6 2 .7 

resonance 

interferometer 

Mackenzie 1953 Geodimeter 299 792.4 ' *4 

Froome 1954 microwave 299 792.7 2 .3 
interferometer 

Plyler, et a1 1955 infrared spect. 299 792 6 
-1. 

Florman 1955 micrbwave 299 '795.1 - 1.9 
interferometer 

Bergstrand 1957 Geodime ter 299 792.8 2 .34 

I1 I f  survey 299 792.85 2 0.16 

Froome 1958 microwave 299 792.50 2 .10 
interferometer 
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Table 11. Astronomical Unit determinations f r o m  radar 
observations of Venus.* 

* 
Good radar methods A. U., km. 

D. Muhleman, e t  al. 149 , 598,640 250 

G. Pet t inghi l l ,  e t  al. U 9  , 597,850 400 

D. Muhlemm (revision of 
Pet t inghi l l ' s  value) 

149,598,100 400 

Marginal radar methods 

Thomson, e t  a 1  

Maron, e t  a l .  

Kotel nikov 

* Bfuhleman (1963) doctorial  thesis.  

uC9,601,000 5000 

149,596 ,OOo 

149,599,500 800 

8.7941379 2 .oooO15 
8.7941849 2 .oooO26 
8.7941705 2 .oooO26 

8.7940 2 .0003 

8 7943 

8.7941 2 .oooO5 

* Good radar methods are those that observed Venus over 
a suf f ic ien t ly  long arc t o  remove the major par t  of 
t h e  e r rors  from t h e  ephemerides. 
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Table 111. The Effect of the Duncombe Corrections on the A.U.  

Doppler O c t .  12 Doppler Dec. I2 Range Nov. 12 
I I  L" -119 lan +ut1 km -4 

Ae 11 +75 +132 -191 

e 11 l!lr -182 -164 +319 

aa -441 +506 

0, +97 -169 

- e A T  +45 +41 

4 P  -74 -30 

A, -43 - -44 

Totals -642 +413 

-1 

-40 

-45 

-67 

-8 

-37 



Doppler, October I2 

Range, November I 2  

Doppler, December 12 
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Table IV. A. U. 1962 Results 

* Newcomb Ephem m c o m b e  &hem 

l.49,599,060 lan 149,598,719 

149,599,730 km 149,599,374 Ian 

U9,596,452 km 149,596,888 km 

*IfNewcomb ephemeridesf1 means Newcomb's tables with a mean anomaly 
correction ofQ% = + 4!'78 T. 

MffDuncombe ephemerides" means here that onlyA elf has been applied 

for the Earth plus all of the Venus corrections. 
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Table V. 1961 Radar results. (Ref. 3 ) 

1. Doppler near eastern elongation 149,598,750 -L 200 
2. Doppler near western elongation 149,598,000 2 km 

3 +  Rvlge at cmjunction (closed loop) 149,598,500 2 150 km 

4. Range at  conjunction (radiometer) 149,598,800 2 150 km 
5. Millstone result (Ref. I2 ) 149,597,850 2 400 km 

6. Muhlemanfs rework of Millstone data (Ref.3) 149,598,100 400 km 

7. Weighted mean of 1, 2, 3 ,  & 4 149,598,640 2 200 km 
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Figi.The A.U. computed from the Goldstone velocity observations 
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Fig.2, The A.U. from the Goldstone range observations. 
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Fig3, The A.U. computed from the Millstone observations. 



Fig 4. Comparison between the 1961 and 1962 doppler velocity A.U,s 
L 





t 

L 

b 


